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Abstract
We study the variety generated by cartesian and direct wreath products of arbitrary sets X and Y of
abelian groups. In particular, we give a classification of the cases when that variety is equal to the product
variety var(X)var(Y). This criterion is a wide generalization of the theorems of Higman and Houghton
about the varieties generated by wreath products of cycles, of a few other known examples about the vari-
eties generated by wreath products of abelian groups (and of sets of abelian groups), and also of our recent
research about the varieties generated by wreath products of abelian groups.
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1. Introduction and the main results
The central aim of the current paper is to establish a criterion classifying the cases when
for the given sets of abelian groups X and Y their cartesian wreath product XWrY (or, equiv-
alently, their direct wreath product XwrY) generates the product variety var(X)var(Y) (see
notations and definitions below). We also obtain results about the subvariety structure of prod-
ucts of abelian varieties, about the varieties generated by wreath products of finite abelian groups,
etc.
1.1. The results of Higman and Houghton, examples
For the sequel let us reserve the notation C for the cycle of non-finite exponent, and the
notation Cn for the cycle of finite exponent n. The initial result on the varieties generated by
wreath products of abelian groups belongs to Higman (Lemma 4.5 and Example 4.9 in [H59] or
24.65, 54.41 in [N68]), who proved that, if Cp and Cn are finite cycles of orders, respectively,
p and n (p is a prime not dividing n), then the wreath product Cp wrCn generates the product
variety ApAn, where, as usual, An = var(Cn) is the variety of all abelian groups of exponent
dividing n. Houghton’s result covered the case of arbitrary finite cycles A = Cm and B = Cn.
Namely, the equality
var(Cm wrCn) = var(Cm)var(Cn) =AmAn
holds if and only if m and n are coprime [N68]. In the literature there also are many other results
describing the cases when the analogs of this equality hold (or do not hold). For instance, it is a
well-known example that, if B = Cp ⊕Cp ⊕ · · · is an infinite direct power of the cycle Cp , then
Cp wrB generates ApAp (that is, Houghton’s theorem does not have a direct generalization for
the case of arbitrary abelian groups or even of arbitrary abelian groups of finite exponent). Also,
it is well known that for arbitrary group A the wreath product AwrC generates var(A)A [N68].
These examples are particular cases of the following two results. First: for an arbitrary group
A and an arbitrary discriminating group B the wreath product AWrB discriminates (and thus
generates) the variety var(A)var(B). Second: for an arbitrary set of groups X and an arbitrary
discriminating set of groups Y the wreath product XWrY generates the variety var(X)var(Y).
(See the papers [B63,B3N64] and also Subsections 2.2, 5.1 and Theorem 5.3 below). On the
other hand, the group
Cp WrCp ⊕ · · · ⊕Cp︸ ︷︷ ︸
s times
is nilpotent and, thus, it does not generate the product variety ApAp for any positive integer s
[N68]. For now let us restrict ourselves with these examples only because later our criterion will
allow us to easily build other examples of this type.
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In [M01], generalizing the results mentioned above, we gave a general criterion for the wreath
product of arbitrary abelian groups A and B . Let us reformulate that criterion in a form which
uses traditional notations only. Denote by Bp the p-primary component of the abelian group B
of finite exponent. Let us recall that, by Prüfer’s theorem, every abelian group of finite exponent,
in particular the p-primary component Bp is a direct product of finite cycles of prime power
exponents: Bp = ∑i∈I Cpki . Here for some indices i ∈ I the order pk′ = pki is the highest
power of p dividing the exponent of Bp . Then:
Theorem A. (See Theorem 6.1 in [M01].) For arbitrary abelian groups A and B the equality
var(AWrB) = var(A)var(B) (1)
holds if and only if:
(1) at least one of the groups A and B is not of finite exponent; or
(2) if expA = m and expB = n both are finite and for every common prime divisor p of m and
n, the p-primary component
Bp =
∑
i∈I
Cpki
(
pki
∣∣ n, i ∈ I),
of B contains infinitely many direct summands C
pk
′ of order pk′ , where pk′ is the highest
power of p dividing n.
Since the cartesian and direct wreath products always generate the same variety of groups, the
analog of this criterion also holds for direct wreath products.
When A and B are finite groups, our condition simply means that for finite abelian groups A
and B the equality (1) holds if and only if m and n are coprime.
This theorem shows that (1) can be false only if both A and B are of finite exponents m and n,
respectively, and there is a prime common divisor p of m and n such that the B can be presented
in the form
B = (C
pk
′ ⊕ · · · ⊕C
pk
′ )⊕B ′,
where pk′  expB ′. The construction of examples promised above now becomes easy. Say:
var
(
Cp Wr(Cq ⊕Cp2 ⊕ · · · ⊕Cp2 ⊕ · · ·)
)=ApAqp2,
var
(
Cp Wr(Cq ⊕Cp2 ⊕Cp ⊕ · · · ⊕Cp ⊕ · · ·)
) =ApAqp2 ,
(where p and q are distinct primes), etc.
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The central result of the current paper (Theorem 8.1) is a generalization of the criterion of the
previous subsection. Again, let us formulate here our criterion in a form that does not depend on
special notation.
Theorem B. (An equivalent form for Theorem 8.1.) For arbitrary sets of abelian groups X and
Y the equality
var(XWrY) = var(X)var(Y) (2)
holds if and only if :
(1) at least one of the sets X and Y is not of finite exponent; or
(2) if expX = m and expY = n both are finite and for every common prime divisor p of m
and n, and for arbitrary positive integer s the set Y contains a group B(s) such that the
p-primary component
B(s)p =
∑
i∈I (s)
Cpki ,
(
pki
∣∣ n, i ∈ I (s))
of B(s) contains at least s direct summands C
pk
′ of order pk′ , where pk′ is the highest power
of p dividing n.
The same is true for the case of direct wreath products.
If Y consists of one group B only, our condition simply means that the p-primary component
Bp contains infinitely many direct summands Cpk′ of type mentioned. That is, Theorem A will
also hold if we replace the phrase ‘abelian group A’ by the phrase ‘set of abelian groups X.’
As above, let us notice that the equality (2) can be falsified only if both sets X and Y are of
finite exponents m and n, respectively, and there is a common prime divisor p of m and n and a
positive integer s0 such that if a group B ∈Y is presented as a direct sum
B = (C
pk
′ ⊕ · · · ⊕C
pk
′ )⊕B ′
(where pk′  expB ′), then the number of summands C
pk
′ is not only finite (as in the previous
subsection) but also restricted by s0.
Again, we can now easily construct examples of sets of abelian groups for which (2) holds or
does not hold. For example, assume X= {Cp}. Then if
Y= {Cq,Cp ,Cp2,Cp3, . . . ,Cpk , . . .},
then XWrY=ApA. Further, if (for the same X)
Y= {Cq,Cp,Cp ⊕Cp, . . . ,Cp ⊕ · · · ⊕Cp, . . .},
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Y= {Cq,Cp2,Cp,Cp ⊕Cp, . . . ,Cp ⊕ · · · ⊕Cp, . . .},
then XWrY =ApAqp2 (in these examples p and q are distinct primes).
1.4. A proof for the case of finite cycles
The proofs in [M01] and in the current paper very much depend on the theorem of Houghton
about wreath products of finite cycles mentioned above. This theorem can be found in [N68]
and elsewhere. However, the proof of this result never was published. Thus, in order to make the
argument of the current paper (and also of our earlier paper [M01]) complete, we are offering
a proof for the theorem mentioned. We are very much thankful to Professor C.H. Houghton,
who kindly read our proof of that segment and encouraged us to continue the research in that
direction. It is interesting that Houghton’s criterion holds not only for finite cycles but also for
arbitrary finite abelian groups A and B: the wreath product AwrB generates AmAn if and only
if m = |A| and n = |B| are coprime.
1.5. Structure of the paper
Sections 2, 3 below collect special notations and some background information for the main
proof.
The proof for the case of the wreath products of finite cycles (and finite abelian groups) is
presented in Section 4.
The proof of the general criterion for wreath products of arbitrary sets of abelian groups
occupies Sections 5–7. Section 5 reduces our consideration to the case of countable abelian
groups of finite exponent. Section 6 gives an analog of Theorem 8.1 for the case of the sets of
abelian p-groups. And Section 7 deals with the case of composite exponents. Comparing this
proof with the argument of [M01] (in particular, Section 7 of this paper with Section 5 in [M01]),
we would like to notice that some of the proofs of the current paper are much shorter than their
analogs in [M01] (in spite of the fact that they establish much more general facts than the analogs
mentioned). Probably, this means that, in some sense, the notion of wreath products of sets of
groups is related more closely to the operation of multiplication in varieties of groups.
Section 8 summarizes the results and considers the possibilities of generalization in different
directions. We would like to announce our recent article [M02b] in which we consider the topic
of generalizations and offer two problems (see Problems 8.3 and 8.4 in Section 8.1). See also our
work [HM00,M00,M02a,M03] for other applications of methods with wreath products.
Section 9 closing the paper considers a few applications and illustrations of our construction.
2. Notations and definitions
2.1. General notions
For general information and notations of group theory we refer to [R96,KM96,K65]. As usual,
for a given set X of groups we denote by QX, SX, CX and DX the sets of all homomorphic im-
ages, subgroups, cartesian and direct products of groups of X, respectively. A group G is said
to be monolithic if it contains only one minimal normal non-trivial subgroup M (the monolith
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ground information on abelian groups used in this paper can be found in the textbooks mentioned
or in [F70].
Cartesian and direct products are denoted by AWrB and AwrB , respectively. As it was men-
tioned above, direct and cartesian products of groups always generate the same variety of groups,
so we will sometimes refer to that variety generated by a wreath product without mentioning
whether it is a cartesian or a direct wreath product. The base subgroups of the cartesian and direct
wreath products of A and B will be denoted by AB and by A(B), respectively. For given (not nec-
essarily abelian) group sets X and Y we, as usual, denote XWrY = {XWrY | X ∈ X, Y ∈ Y}
and XwrY = {XwrY | X ∈ X, Y ∈ Y}. Detailed information on wreath products can be found
in [N68,M95,N64,KM96].
For general information on varieties of groups we refer to the book of Hanna Neumann [N68].
We reserve notations A, An, Nc and Be for varieties of all abelian groups, of all abelian groups
of exponent dividing n, of all nilpotent groups of class at most c, and of all groups of expo-
nent dividing e, respectively. For a set X of groups we denote by var(X) the variety generated
by X. Also, we would like to mention the articles of Bryce [B70,B76] and of Kovács and Neu-
mann [KN94] for results of related to the material of this paper.
2.2. Discriminating sets of groups
The set D of groups is said to be discriminating, if for arbitrary finite word set V with the
property that, for each w ∈ V there exists a homomorphism δw of a free group Fn into some
group of D, such that δw(w) = 1, there exist a group D ∈ D and a single homomorphism δ
of Fn into D, such that δ(w) = 1 for all w ∈ V . A discriminating set of groups D can be de-
scribed by the following property: every finite set of identities {w ≡ 1 | w ∈ V } that can be
separately falsified in some groups {Dw ∈ D | w ∈ V } can also be simultaneously falsified in a
group D = DV ∈ D for certain choice of values d1, d2, . . . , dn ∈ D. Every discriminating set D
discriminates the variety var(D) generated by D, that is, D ⊆ var(D) and for every finite set V
of words in, say, n variables, none of which is identically 1 in var(D) there is a group D ∈D and
elements d1, d2, . . . , dn ∈ D such that for all w ∈ V w(d1, d2, . . . , dn) = 1 holds [B3N64]. A dis-
criminating set D always generates var(D). If a discriminating set consists of one group D, we
call D a discriminating group. Further information on the discriminating sets and discriminating
groups can be found in [B3N64,N68].
2.3. Special notations for the sets of abelian groups
For the given group B of finite exponent and for the given prime number p let us denote by
c(B,p) the largest integer c such that pc divides expB:
pc(B,p) | expB and pc(B,p)+1  expB.
If the set Y is of finite exponent, let us naturally denote:
c(Y,p) = max{c(B,p) ∣∣ B ∈Y}.
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the direct product of direct powers of the cycles Cpk , . . . ,Cp (of course k = c(B,p)):
B =
∑
i∈Ik
Cpk ⊕ · · · ⊕
∑
i∈I1
Cp, (3)
where the index sets Ik, . . . , I1 can be finite or infinite of any cardinality. If the abelian group B
is not a p-group but still is of finite exponent, then again by Prüfer’s theorem the group B is a
direct sum of its p-primary components Bp for all prime divisors p of the exponent of B . Then
(3) can be rewritten for each Bp:
Bp =
∑
i∈Ip,k
Cpk ⊕ · · · ⊕
∑
i∈Ip,1
Cp with k = c(Bp,p). (4)
These index sets Ip,k, . . . , Ip,1 will play a key role in our construction. Let us introduce special
notation:
ω(B,p, s) = card(Ip,s), where s = 1, . . . , k = c(B,p)
and in particular denote:
ω(B,p) = ω(B,p, k) = ω(B,p, c(B,p)).
For the given abelian group set Y of finite exponent n and for the given prime divisor p|n the
set {ω(B,p) | B ∈ Y} needs not be restricted. But if these cardinals ω(B,p) are restricted by a
(cardinal) number, we will naturally denote that cardinal number by ω(Y,p). Clearly ω(Y,p) =
ω(B,p) if Y consists of a single group B .
Since the condition of our main criterion (Theorem 8.1) evolves this notation ω(Y,p), let
us notice that the latter has a simple and understandable meaning, in particular, for relatively
‘non-complicated’ sets of abelian groups. If, for example,
Y=
{
C2 ⊕C2 ⊕C2, C7 ⊕C6 ⊕C4 ⊕C3,
∞∑
i=1
C5
}
,
then ω(Y,2) = 1 (because C4 = C22 ), ω(Y,3) = 2, ω(Y,5) = ℵ0 and ω(Y,7) = 1.
Let us also note that here ω(B,p) is nothing else but the rank of the corresponding abelian
factor
B
[
pk
]
/B
[
pk−1
]= B[pk(B,p)]/B[pk(B,p)−1],
(where B[s] = 〈b ∈ B | bs = 1〉) used in [M01] for purposes similar to those of ω(B,p) here.
Of course, an abelian group need not have only one direct decomposition of type (3) (since our
abelian groups are not always finite, we cannot simply apply the Krull–Remak–Schmidt theo-
rem [R96,KM96,K65]). However, it is easy to see that in our situation the cardinals ω(B,p) (and
the cardinals ω(B,p, s)) do not depend on the concrete decomposition (if an abelian p-group
B of finite exponent pk has two distinct decompositions (3) such that, say, the corresponding
sets I 1 and I 2 have distinct cardinalities ω1(B,p) and ω2(B,p), then we simply consider thek k
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2
k are distinct,
then we get two distinct ranks for the group Bpc(B,p)−1 ). Since these cardinals ω(B,p, s) are the
only parameters we use in our constructions, our further consideration does not depend on the
concrete form of the direct decomposition.
3. Wreath products of sets of groups and products of varieties of groups
3.1. Wreath products and operations on the sets of groups
Let us collect in one place results concerning connections of the operation of wreath product
with the operations Q, S and C (see for example Hanna Neumann’s book [N68], the paper of
Brumberg [B63], of Šmelkin [S65] or our recent paper [M01] where the detailed proofs are
given).
Lemma 3.1. (See 22.11 in [N68,B63].) For arbitrary sets X and Y of groups and for arbitrary
groups X˜ ∈ QX and Y ∈Y holds:
X˜WrY ∈ var(XWrY).
Moreover, if X is a set of abelian groups, then for arbitrary groups X ∈X and Y˜ ∈ QY holds:
XWr Y˜ ∈ var(XWrY).
For the operation S the requirement on X to be abelian can be dropped:
Lemma 3.2. (See 22.12 and 22.13 in [N68].) For arbitrary sets X and Y of groups and for
arbitrary groups X ∈X, X˜ ∈ SX, Y ∈Y, Y˜ ∈ SY hold:
X˜WrY ∈ var(XWrY),
XWr Y˜ ∈ var(XWrY).
For the operation C only the part concerning the ‘passive’ groups1 is true:
Lemma 3.3. (Proven in [M01] as Lemma 1.1.) For arbitrary sets X and Y of groups and for
arbitrary groups X˜ ∈ CX and Y ∈Y holds:
X˜WrY ∈ var(XWrY).
Proof outline. If X˜ is cartesian product of some groups Xi ∈ X, i ∈ I , then an embedding ν of
X˜WrY into the cartesian product
W˜ =
∏
i∈I
(Xi WrY)
(∈ var(XWrY))
1 Many examples showing that the part concerning the ‘active’ groups is not true can be obtained as a consequence of
Theorems 7.1 and 7.2 in [M01].
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with ϕi ∈ XYi , such that
ϕi(g) =
[
ϕ(g)
]
(i), where g ∈ Y, i ∈ I. 
In fact each of these results could be strengthened by showing that the corresponding
wreath product X˜WrY (or XWr Y˜ ) is a subgroup or a homomorphic image of some group in
var(XWrY). This, however, is immaterial for our purposes.
For further references let us reformulate and ‘merge’ these lemmas for the case when each of
X and Y consists of one group only:
Lemma 3.4. For arbitrary groups X and Y , if X˜ ∼= X/N (N is any normal subgroup of X),
X˜ X, or X˜ =∏i∈I Xi (cartesian product over the index set I ), then X˜WrY ∈ var(XWrY).
On the other hand, if Y˜ ∼= Y/K (X is abelian and K is any normal subgroup of Y ), or if
Y˜  Y , then XWr Y˜ ∈ var(XWr Y˜ ).
Remark 3.5. Since for arbitrary groups X and Y the direct wreath product XwrY is contained
in the cartesian wreath product XWrY , and since cartesian and direct wreath products of any
groups always generate the same variety, it is easy to see that the analogs of Lemmas 3.1–3.4
also are true for direct wreath products XwrY.
3.2. Product varieties and operations Q, S, C
According to Birkhoff’s theorem [B35,N68], for the given set X of groups the variety var(X)
can be reached as:
var(X) = QSCX.
Since the product variety var(X)var(Y) consists of all extensions of groups X ∈ var(X) by
groups Y ∈ var(Y) and, since each such extension can be embedded into the appropriate wreath
product XWrY , we get that the set XWrY generates the variety var(X)var(Y) if and only the
following six conditions hold:
(1–3) if X˜ ∈ QX, if X˜ ∈ SX, or if X˜ ∈ CX, then X˜WrY ∈ var(XWrY) for arbitrary Y ∈Y,
(4–6) if Y˜ ∈ QY, if Y˜ ∈ SY, or if Y˜ ∈ CY, then XWr Y˜ ∈ var(XWrY) for arbitrary X ∈X.
The Lemmas 3.1–3.3 show that for the case of sets of abelian groups only one of the six
conditions listed is really necessary. This fact is, perhaps, of some independent interest; let us
formulate it in spite of the fact that we will only use it indirectly:
Lemma 3.6. If X and Y are sets of abelian groups, then
var(XWrY) = var(X)var(Y)
holds if (and only if ) var(XWrY) contains the wreath product AWr(∑i∈I Bi) for any abelian
groups Bi ∈Y, i ∈ I , and for any index set I .
The analog of this also holds for the case of direct wreath products of sets of abelian groups.
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by the direct sum B ⊕B of two copies of all the groups B ∈Y (see Theorem 9.4). In particular,
we get:
Theorem 3.7. (Theorem 7.1 in [M01].) If A and B are arbitrary abelian groups, then
var(AWrB) = var(A)var(B) holds if and only if var(AWrB) contains the wreath product
AWr(B ⊕B).
The analog of this also holds for the case of direct wreath products.
(Also see the more general Theorem 7.2 in [M01].)
4. The case of varieties generated by wreath products of finite abelian groups, the
theorem of Houghton
4.1. The initial method of Higman
Let us begin with an outline of Higman’s elegant idea (see, for example, Lemma 4.5 and
Example 4.9 in [H59] and 24.65, 54.41 in [N68]) not only to view the origin of that important
method, but also because the proof of our Lemma 4.2 is a slight modification of it.
Theorem 4.1. (Higman) Let n be a positive integer and p be a prime not dividing n. Then the
wreath product Cp wrCn generates the variety ApAn.
Proof scheme. It will be sufficient to show that any finite monolithic group G in ApAn belongs
to var(Cp wrCn), for, if the group G has several minimal normal subgroups, say, M1, . . . ,Ml ,
then they intersect trivially and the group G is monomorphically embeddable into the direct
product G/M1 × · · · ×G/Ml .
The monolithic group G is an extension of a group A ∈ Ap by a group B ∈ An. A is isomor-
phic with the additive group of a finite-dimensional space over the field Fp :
A ∼= Cp ⊕ · · · ⊕Cp.
By Schur’s theorem, we can think of the group B ∼= G/A as of a subgroup of G. Thus one
can consider transformations of A by conjugations of elements of B . This defines a linear rep-
resentation of the group B of degree l over Fp . By Maschke’s theorem this representation is
completely reducible and, since G is monolithic, A consists of only one B-irreducible direct
summand which coincides with M . The representation defined is faithful, for, if a non-trivial ele-
ment r of the abelian group B centralizes A = M , then it generates a cyclic subgroup 〈r〉 normal
in G. Then, clearly, 〈r〉 contains a subgroup minimal and normal in G and different from M .
Since the abelian group B has an irreducible and faithful representation, it must be a cycle and,
thus, a subgroup of Cn. By Kaloujnine and Krassner’s theorem G is embeddable into the ap-
propriate wreath product M wrCn and, thus, belongs to the variety var(M)var(Cn) = ApAn by
Lemma 3.4. 
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Lemma 4.2. Let p and q be different primes and Cpk and Cqs be cyclic groups of orders pk
and qs , respectively. Then holds
var(Cpk wrCqs ) =ApkAqs . (5)
Remark 4.3. As it can be easily verified, this lemma can also be proven for the case when the
active group in the wreath product in (5) is not the cycle Cqs but an arbitrary cycle Cn with n
coprime to p. We, however, formulate the lemma in this restricted form in order to make the
proof of Lemma 4.4 somewhat shorter.
Proof of Lemma 4.2. As in the proof of Theorem 4.1, we should only consider the monolithic
groups G in ApkAqs . Now G is an extension of a group A ∈ Apk by a group B ∈ Aqs . In this
situation A needs not be equal to the monolith M of G or coincide with the additive group of
a vector space. The monolith M lies in A and its exponent is p, for, if not, the elements of
exponents pj , j = 2,3, . . . would form a proper non-trivial subgroup characteristic in M and
normal in G. Thus M is isomorphic to the additive group of a vector space over Fp and we can
consider the representation of B over that space, for B is isomorphically embeddable into 〈M,B〉
and into G. The rest of the proof consists of a repetition of the steps of the proof of Theorem 4.1.
The representation constructed is irreducible by minimality of M and is faithful, for, if not, its
kernel K , that is, the centralizer of M in B would be a normal (for, M is normal) non-trivial
subgroup of G with a trivial intersection with M . 
4.3. Generalization for the case of arbitrary finite groups
Now assume A and B to be arbitrary finite abelian groups with coprime exponents m and n,
respectively. Assume further p to be a prime divisor of m, and q to be a prime divisor of n and
define, as above, by Ap and Bq the p-primary component of A and the q-primary component
of B , respectively. Finally put k = c(A,p), s = c(B,q).
Lemma 4.4. In the notation just defined the following is true:
var(AwrB)∩ApkAqs = var(Ap wrBq). (6)
Proof. The right-hand side of (6) clearly lies in the left-hand side. So it is sufficient to prove that
every {p,q}-group P of var(AwrB) belongs to var(Ap wrBq). Moreover, since var(AwrB) is a
locally finite variety, we can assume P to be a finite group [N68]. Since var(AwrB) is generated
by the single finite group AwrB , we get:
P ∈ QSD(AwrB).
That is, P is a surjective image of a subgroup R of the direct product
R1 × · · · ×Rt
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P = ϕ(R).
Since R and P are finite soluble groups and since P is a {p,q}-group, P is an image of
some Hall {p,q}-subgroup P ∗ of R. The mentioned subgroup P ∗ is not complicated to build: if
π :R → P is the natural homomorphism, then P ∗ can be chosen as a Hall {p,q}-subgroup of
π−1(P ).
Further, P ∗ is a subdirect product of its projections P ∗i on Ri , i = 1, . . . , t . Denote by P ∗i,A
the intersection of the {p,q}-group P ∗i with the base group AB of the ith copy Ri = AwrB .
Clearly, P ∗i,A is a p-group and belongs to var(Ap). Also P ∗i,A is normal in P ∗i . The group
P ∗i,B = P ∗i /P ∗i,A ∼=
(
P ∗i ·AB
)
/AB
is isomorphic to some subgroup of the ith factor group
Ri/A
B = (AwrB)/AB ∼= B.
Thus the {p,q}-group P ∗i,B is, in fact, a q-group and is a subgroup of Bq . Since P ∗i is isomor-
phically embeddable into the wreath product P ∗i,A wrP ∗i,B , it belongs to the variety
var
(
P ∗i,A wrP ∗i,B
)⊆ var(Ap wrBp)
according to Lemma 3.4. Therefore the groups P ∗ and P also belong to var(Ap wrBp). 
Lemma 4.5. For arbitrary finite abelian groups A and B of coprime exponents m and n, respec-
tively, holds:
var(AwrB) = var(A)var(B) =AmAn.
Proof. Let p and q be prime divisors of m and n, respectively, and let, as above, k = c(A,p),
s = c(B,q). Then, denoting by Ap′ the Hall p′-subgroup of A and denoting by Bq ′ the Hall
q ′-subgroup of B we get the direct decompositions:
A = Ap ⊕Ap′ and B = Bq ⊕Bq ′ ,
where expAp′ and expBq ′ are coprime both with p and q . Then clearly:
var(A) = var(Cpk ⊕Ap′) and var(B) = var(Cqs ⊕Bq ′).
Therefore
var(AwrB)∩ApkAqs ⊇ var
[
(Cpk ⊕Ap′)wr(Cqs ⊕Bq ′)
]∩ApkAqs
= var[(Cpk ⊕Ap′)p wr(Cqs ⊕Bq ′)q]
(by Lemma 4.4)
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(for (Cpk ⊕Ap′)p = Cpk and (Cqs ⊕Bq ′)q = Cqs )
=ApkAqs
(by Lemma 4.2).
And since var(AwrB) contains the product variety ApkAqs for arbitrary pair of divisors p
and q of m and n, we get that var(AwrB) =AmAn. 
Now let us recall the fact that the variety
var(A)var(B) =AmAn
can be generated by a finite group (in our situation by the group AwrB) only if m and n are
coprime (see, for example, the result of Šmelkin on product varieties of group generated by a
finite group [S65]). This and Lemma 4.5 prove the following result (which, however, seems to
be present in the mathematical folklore):
Theorem 4.6. For arbitrary finite abelian groups A and B of exponents m and n, respectively,
var(AwrB) = var(A)var(B) =AmAn
holds if and only if m and n are coprime.
In particular
Theorem 4.7. (Houghton) For arbitrary finite cyclic groups Cm and Cn of exponents m and n,
respectively,
var(Cm wrCm) =AmAn.
holds if and only if m and n are coprime.
5. Reduction to the case of infinite sets of countable abelian groups of finite exponents
5.1. A consequence of a theorem of Baumslag and Neumanns
Earlier we mentioned the following result
Theorem 5.1. (See [B3N64,N68].) If the group A generates the variety U and the group B
discriminates the variety Y, then the wreath product AWrB discriminates (and, thus, generates)
the product variety UV.
For the case of wreath products of sets an additional condition on X is required:
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for every finite family of non-identities of U the set X contains a group in which all the non-
identities falsify. Then if the set of groups Y discriminates the variety Y, the wreath product
XWrY discriminates (and, thus, generates) the product variety UV.
For our purposes we can prove:
Theorem 5.3. If the set of groups X generates the variety U and the set of groups Y discriminates
the variety Y, then the wreath product XWrY generates the product variety UV.
Proof. Denote by C the cartesian product C = ∏A∈XA, and X′ = X ∪ {C}. It is easy to see
that every finite (and non-finite) set of non-identities of the variety U = var(X) = var(X′) is
falsified in the group C (and, thus, in the set X′). By Theorem 5.2, the wreath product X′ WrY
discriminates UV.
It remains to notice that by Lemma 3.3 the wreath products XWrY and X′ WrY generate the
same variety of groups. 
5.2. A dichotomy for the sets of abelian groups
The structure of infinitely generated abelian groups of non-finite exponent is complicated and
at first sight their consideration may demand techniques very different from that of the theory of
varieties of groups. The following result, however, enables us to deal with that case by means of
the notion of discriminating sets of groups:
Lemma 5.4. For every set Y of abelian groups the following dichotomy holds:
(1) either Y is of finite exponent and, thus, there is a finite family F of cycles of prime power
orders such that Y consists of groups each one of which is a direct sum of (possibly infinitely
many) copies of some members of F ,
(2) or Y is a discriminating set of groups.
We will need the following:
Lemma 5.5. (See [B3N64].) If D discriminates the variety U= var(D) and for the given set D1
the relations D⊆ QSD1 and D1 ⊆ U hold, then D1 also discriminates U.
Proof of Lemma 5.4. If expY = n < ∞, then, we simply apply Prüfer’s theorem according to
which every group B ∈Y is a direct sum of all of its p-primary components:
B = Bp1 ⊕ · · · ⊕Bps
(pi divide n for i = 1, . . . , s), where each of these Bpi , in turn, is a direct sum of (possibly
infinitely many) copies of some of the cycles
Cpi = Cp1i ,Cp2i , . . . ,Cpkii , i = 1, . . . , s.
Clearly the set of all these cycles is finite.
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order. Then B contains an infinite cycle C = 〈c〉 which is a discriminating group for the variety
A [B3N64]. According to Lemma 5.5, Y also discriminates A= var(Y).
If Y contains no group with an element of infinite order, then there must exist a sequence of
groups B1,B2, . . . ∈Y with elements
c1 ∈ B1, c2 ∈ B2, . . . (7)
such that for arbitrary l ∈ N there is such a ci(l) with exponent not less than l. Let
w1(x1, . . . , xd), . . . ,wk(x1, . . . , xd) (8)
be a finite set of words none of which is identity in A (clearly we can assume all these words
to contain the same variables x1, . . . , xd ). Since the infinite cycle C = 〈c〉 discriminates A, there
are elements
ci1, . . . , cid ∈ C, i1, . . . , id ∈ Z
such that
w1
(
ci1, . . . , cid
) = 1, . . . , wk(ci1, . . . , cid ) = 1. (9)
Now let us consider all these values (9) together with all values of all subwords of words (8)
over elements ci1, . . . , cid . Since in this way we will collect only finitely many values cj ∈ C,
we can choose a power cj0 , such that the absolute value of j0 is greater than that of all j s
obtained. Now chose such a ci(j0) ∈ Bi(j0) in (7) that exp ci(j0) is greater than |j0|. Since, clearly,
all values (9) remain unaffected if they are calculated not in C but in 〈ci(j0)〉  Bi(j0) (that is,
modulo exp ci(j0)), we get that cycles
〈c1〉, 〈c2〉, . . . (10)
form a discriminating set for the variety A. And since {〈c1〉, 〈c2〉, . . .} ⊆ SY, the set Y discrimi-
nates A according to Lemma 5.5. 
5.3. Reduction to the case of finite exponent
Now we can prove the following result enabling us to reduce the considerations of the current
paper to the case of sets of finite exponent:
Theorem 5.6. If at least one of the sets of abelian groups X and Y is not of finite exponent, then
the cartesian (or direct) wreath product of the sets X and Y generates the variety var(X)var(Y).
Proof. If the set Y is of infinite exponent, then it is a discriminating set for A according to
Lemma 5.4 and thus the sets XWrY and XwrY generate var(X)A by Theorem 5.3.
Therefore we assume, without loss of generality, that Y is a set of finite exponent, say, n.
Since now the infinite cycle C belongs to var(X) =A, it remains to prove (see Lemma 3.4) that
var(C WrCn) = var(X)var(Y) =AAn.
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Cp1,Cp2 , . . . ∈ Q(C)
of orders p1,p2, . . . all coprime with n and to each other. Thus var(C WrCn) contains the wreath
products Cp1 WrCn,Cp2 WrCn, . . . and, therefore, the varieties
Ap1An,Ap2An, . . .
generated by these wreath products according to the result of Higman [H59] (or according to the
result of Houghton mentioned above). It remains to note that:
(Ap1An)∪ (Ap2An)∪ · · · = (Ap1 ∪Ap2 ∪ · · ·)An =AAn. 
5.4. Two additional arrangements
Firstly, in order to avoid frequent repetitions of the following simple fact in the future, let us
formulate it as:
Remark 5.7. Since the varieties generated by the sets of groups X and Y can also be generated
by the countable (and, in fact, even by finitely generated) subgroups of the groups of respectively
X and Y, and, since by Lemma 3.2 the wreath products XWrY and (SX)Wr(SY) generate the
same variety of groups, we can assume for the sequel, that the sets X and Y consist of countable
groups only.
The next remark that will reduce the details in the future, concerns the simplest case when the
set Y consists only of finitely many finite groups:
Lemma 5.8. Let X and Y be sets of abelian groups of exponents m and n, respectively. Then, if
the set Y consists only of finitely many finite groups, the set XWrY generates AmAn if and only
if m and n are coprime.
Proof. According to Lemmas 3.1 and 3.2 the variety var(XWrY) contains the wreath product
AWrB , where A ∈ SCX and B ∈ SY. Thus for every prime divisor q of n that variety contains
all the wreath products Cm WrCqc(q,B) , where qc(q,B) is the highest power of q dividing n. Now
if m and n are coprime, then, by Houghton’s theorem,
var(Cm WrCqc(q,B) ) =AmAqc(q,B)
and ⋃
q|n
AmAqc(B,q) =AmAn.
Assume now m and n are not coprime. Since Y actually is finite, we can chose a single
finite group B ∈ An which contains all groups of Y as subgroups. By Lemma 3.2 the variety
var(XWrY) lies in
var
(
XWr{B})= var(XWrB).
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AmAn by Theorem 4.6. 
6. The case of sets of abelian p-groups
The results of Section 5 narrow the class of the groups we have to deal with. They, however,
do not cover the well-known case mentioned in introduction:
var(Cp WrB) =ApAp
(
B =
∞∑
i=1
Cp
)
(where B is of exponent not coprime with p, but B discriminates Ap). And it is not yet clear
what can be said, say, about the variety generated by the wreath product of single groups Cp
and B = Cp2 ⊕
∑∞
i=1 Cp (here B does not discriminate Ap2 , for it has a finite non-trivial verbal
subgroup corresponding to the word xp).
6.1. The functions λ(A,B, t) and λ(X,Y, t)
The case of varieties generated by the wreath products of p-groups will be considered via the
properties of their finitely generated groups.
Definition 6.1. For the given abelian p-groups A and B are of finite exponents let us denote
λ = λ(A,B, t),
to be the maximum of the nilpotency classes of the t-generated groups of the variety var(AWrB).
As we will see below, this definition is correct, that is, the maximum mentioned there does
exist.
Moreover, regardless of the fact whether or not for the given sets X and Y the cardinals
ω(X,p) and ω(Y,p) exist, the analog of the function λ can also be defined for the sets of
abelian groups of finite exponents:
Definition 6.2. If the given sets X and Y of abelian p-groups are of finite exponents, let us denote
λ = λ(X,Y, t),
to be the maximum of the nilpotency classes of the t-generated groups of variety var(XWrY).
According to Remark 5.7 the group B of Definition 6.1 can be assumed to be at most countable
and its direct decomposition can be written in a form simpler than (3):
B = Cpk1 ⊕Cpk2 ⊕ · · · , (11)
where k1 = c(B,p) k2  · · · .
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finite exponent pk is of form (11) then
λ(A,B, t)
t∑
i=1
(
pki − 1)+ (u− 1)(p − 1)pc(B,p)−1 + 1. (12)
Proof. The t-generated groups of var(AWrB) belong to the variety generated by all the t-
generated subgroups of the group AWrB [N68, 16.31]. Therefore λ(A,B, t) is bounded by
the maximum of the nilpotency classes of t-generated subgroups of AWrB . Let H be such a
t-generated subgroup and AH be its intersection with the base group AB of AWrB . So AH is
a group of the variety Apu , where pu = expA. The subgroup AH is normal in H and H/AH is
isomorphic to an, at most, t-generated subgroup BH of (AWrB)/AB ∼= B . Therefore, according
to Kaloujnine and Krasner theorem [KK51], we get, that H is embeddable into the cartesian
wreath product AH WrBH , where AH is of exponent pu
′ dividing pu and where
BH = C
p
k′1 ⊕Cpk′2 ⊕ · · · ⊕Cpk′t
(with k′1  k′2  · · ·  k′t ) is certain subgroup of B . So BH is finite and AH WrBH is a direct
wreath product. Thus, applying the Liebeck’s theorem [L62] on the nilpotency class of the direct
wreath product of finite abelian p-groups, we calculate the class c of AH WrBH :
c =
t∑
i=1
(
pk
′
i − 1)+ (u′ − 1)(p − 1)pk′1−1 + 1.
It remains to note that
u′  u, k′1  k1 = k, k′2  k2, . . . . 
For easy references in the sequel let us introduce notation for a special group:
Definition 6.4. Let Y be a set of abelian groups of finite exponent n. If the prime p divides n
and the cardinal ω(Y,p) does exist and it is finite, then denote:
BY,p =
ω(Y,p)∑
i=1
Cpk ⊕
∞∑
i=ω(Y,p)+1
Cpk−1 ,
and denote BY,q = {1} for all primes q not dividing n.
Corollary 6.5. If the sets X and Y of abelian p-groups are of finite exponents pu and pk ,
respectively, and if ω(Y,p) is finite, then for all values t  ω(Y,p):
λ(X,Y, t) ω(Y,p)
(
pk − 1)+ (t −ω(Y,p))(pk−1 − 1)
+ (u− 1)(p − 1)pk−1 + 1.
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X and of Y can be thought to be countable (see Remark 5.7), it is easy to see that every wreath
product AWrB , where A ∈X and B ∈Y, is isomorphically embeddable into the wreath product
∞∑
i=1
Cpu WrBY,p. (13)
It remains to apply Lemma 6.3 for the case A =∑∞i=1 Cpu and B = BY,p . 
Remark 6.6. The bound given by Corollary 6.5 is rough in comparison with that of Lemma 6.3.
We could tune it by consideration of the concrete cases when for the sat Y finite are not only
ω(Y,p) = ω(Y,p, k), but also, say, the cardinals ω(Y,p, k−1), ω(Y,p, k−2), etc. This long
calculations, however, would bring nothing useful for our main construction.
6.2. The general criterion for the case of wreath products of sets of abelian p-groups
Now we are able to prove the following criterion of independent interest for the case stated in
the subtitle:
Theorem 6.7. Let X and Y be arbitrary sets of abelian p-groups.
(1) If at least one of the sets X and Y is not of finite exponent, then
var(XWrY) = var(XwrY) = var(X)var(Y).
(2) If X and Y are sets of finite exponents pu and pk , respectively, then
var(AWrB) = var(AwrB) = var(A)var(B) =ApuApk
if and only if ω(Y,p) is infinite.
Remark 6.8. Here the condition that ω(Y,p) is infinite has a simple meaning. Namely, it means
that SY contains either the infinite direct power:
∞∑
i=1
Cpk ,
or the sequence of finite direct powers:
{
l∑
i=1
Cpk
∣∣∣ l ∈ N
}
,
where k = c(Y,p).
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is an immediate consequence of Theorem 5.6.
Assume, thus, expX= pu and expY= pk . If ω(Y,p) is infinite, then by Remark 6.8 the set
SY contains a subset discriminating the variety Apk [B3N64]. Thus Y itself is a discriminating
set in the variety Apk by Lemma 5.5 and XWrY generates the variety ApuApk by Theorem 5.3.
Assume d = ω(Y,p) is finite. The product variety ApuApk contains the t-generated group
T (p, t) = Cpu Wr
t−1∑
i=1
Cpk .
It will be enough to prove that for a sufficiently large t this group T (p, t) does not belong to
var(AWrB). According to [L62] the nilpotency class of T (p, t) is equal to:
ν(p, t) = (t − 1)(pk − 1)+ (u− 1)(p − 1)pk−1 + 1.
On the other hand, by Corollary 6.5:
λ(X,Y, t) d
(
pk − 1)+ (t − d)(pk−1 − 1)+ (u− 1)(p − 1)pk−1 + 1.
It remains to calculate that
ν(p, t)− λ(X,Y, t) (t − 1 − d)(pk − 1)− (t − d)(pk−1 − 1)
= t(pk − pk−1)+ d(pk−1 − 1)− (1 + d)(pk − 1)> 0
for an arbitrary
t > max
{
d,
(1 + d)(pk − 1)− d(pk−1 − 1)
pk − pk−1
}
.
Thus T (p, t) /∈ var(XWrY). 
Example 6.9. Applying this result, we easily find an answer to the question asked at the be-
ginning of this section: the group Cp Wr(Cp2 ⊕
∑∞
i=1 Cp) does not generate the variety ApAp2
because the decomposition of the ‘active’ group of this wreath product only contains one direct
summand of order p2 = pk , that is, ω((Cp2 ⊕
∑∞
i=1 Cp),p) = 1.
7. The case of arbitrary sets X andY of finite composite exponents
7.1. A variety containing all p-groups in var(XWrY)
The following lemma shows the role of the group BY,p defined above.
Lemma 7.1. Let X and Y be sets of abelian groups of finite exponents m and n, respectively, and
if ω(Y,p) is finite for a given prime p (not necessarily dividing both m and n). Then
var(XWrY)∩ApuApk ⊆ var(Cpu WrBY,p), (14)
where u = c(X,p), k = c(Y,p).
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u = 0 or k = 0.
It is sufficient to prove that every p-group P of var(XWrY) belongs to var(Cpu WrBY,p).
Moreover, since var(XWrY) ⊆ AmAn is a locally finite variety, we can assume P to be a finite
group [N68].
In this situation there is a finite set {R1, . . . ,Rl} of extensions of certain groups {A1, . . . ,Al}
of X by means of certain groups {B1, . . . ,Bl} of Y (where some of A1, . . . ,Al;B1, . . . ,Bl may
coincide or be trivial) such that P ∈ var(R1, . . . ,Rl) [N68] and moreover:
P ∈ QSD(R1, . . . ,Rl).
That is, P is a surjective image under some homomorphism ϕ : R → P of a certain subgroup R
of the corresponding direct product
Rs1 × · · · ×Rsh. (15)
In order to simplify the notations, we can, if necessary, add several isomorphic copies for some
groups in {R1, . . . ,Rl} and assume that in (15) each of the groups R1, . . . ,Rl appears one and
only one time. That is:
P = ϕ(R), R R1 × · · · ×Rl.
Here we modify the idea we used in order to prove Lemma 4.4. Since P is a p-group, P is an
image of some Sylow p-subgroup P ∗ of R. The group P ∗ is a subdirect product of its projections
P ∗i on the factors Ri , i = 1, . . . , l. Denote by P ∗i,Ai the intersection of P ∗i with the group Ai .
Clearly, P ∗i,Ai is normal in P
∗
i and the factor group P
∗
i /P
∗
i,Ai
is isomorphic with a subgroup P ∗i,Bi
of the group Bi :
P ∗i /P ∗i,Ai = P ∗i /
(
P ∗i ∩Ai
)∼= P ∗i Ai/Ai Ri/Ai ∼= Bi.
Thus P ∗i is isomorphically embeddable into the wreath product
P ∗i,Ai WrP
∗
i,Bi
.
Since expP ∗i,Ai  p
u holds:
P ∗i,Ai ∈Apu = var(Cpu). (16)
Since the group BY,p is chosen in such a way that it evidently contains all the groups P ∗i,Bi that
can appear as results of the above construction, holds:
P ∗i,Bi ∈ S(BY,p). (17)
Now combining (16), (17), Kaloujnine and Krassner’s theorem and Lemma 3.4, we get that
P ∗i  P ∗i,Ai WrP
∗
i,Bi
∈ var(Cpu WrBY,p).
Thus the groups P ∗ and P also belong to the variety generated by the single wreath product
Cpu WrBY,p . 
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Assume expX= m, expY= n as above and
m = pu11 · · ·puss , n = qk11 · · ·qkdd ,
where
u1 = c(X,p1), . . . , us = c(X,ps);
k1 = c(Y, q1), . . . , kd = c(Y, qd),
are decompositions of m and n into products of prime-power factors.
Lemma 7.2. In the above notations if
var(XWrY) = var(X)var(Y) =AmAn
holds, then ω(Y,p) is infinite for each p dividing both m and n.
Proof. Assume for, say, p = p1 = q1 holds ω(Y,p) < ∞ and put u = u1, k = k1. We get:
var(XWrY)∩ApuApk ⊆ var(Cpu WrBY,p) (by Lemma 7.1)
=ApuApk (by Theorem 6.7).
Therefore the variety var(XWrY) cannot be equal to the variety AmAn because the latter con-
tains the product subvariety ApuApk =Apu11 Aqk11 . 
On the other hand:
Lemma 7.3. If in the above notations the cardinal ω(Y,p) is infinite for each p dividing both m
and n, then the variety var(XWrY) contains the product varieties A
p
ui
i
A
p
uj
j
for all i = 1, . . . , s;
j = 1, . . . , d .
Proof. Assume, first, that the primes pi and qj are equal: pi = qj = p. Then, if the condition of
the lemma holds, SY contains the set of sums:{
l∑
i=1
C
q
kj
j
∣∣∣ l ∈ N
}
(see Remark 6.8 or the proof of Theorem 6.7). The latter discriminates A
q
kj
j
. Thus var(XWrY)
contains the variety A
p
ui
i
A
q
kj
j
=ApuiApkj (see Theorem 5.3).
Assume, further, that the primes pi and qj are distinct. It will be sufficient to prove that all
monolithic groups of the variety A
p
ui
i
A
q
ki
i
belong to var(XWrY). Turning back to the proof of
Lemma 4.2, we see that each of such monolithic groups is an extension of a group from A
p
ui
i
by
means of a cyclical group B from A kj . Clearly B belongs to SY. qk
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Theorem 7.4. Let X and Y be arbitrary sets of abelian groups of finite exponents m and n,
respectively. Then
var(XWrY) = var(XwrY) = var(X)var(Y) =AmAn
holds if and only if the cardinals ω(Y,p) are infinite for all primes p dividing both m and n.
Proof. The theorem immediately follows from the fact that the cartesian and direct wreath prod-
ucts generate the same variety of groups, from Lemmas 7.2 and 7.3, for, if a certain variety
contains the products A
p
ui
i
A
p
uj
j
for all i = 1, . . . , s; j = 1, . . . , d , then that variety also contains
their union ⋃
i,j
A
p
ui
i
A
p
uj
j
=AmAn. 
Example 7.5. Continuing Example 6.9 we may replace our wreath product by the following one:
W = Cp Wr
(
Cq ⊕Cp2 ⊕
∞∑
i=1
Cp
)
,
where p and q are distinct primes. By Theorem 7.4 we get that W does not generate the variety
ApAqp2 (even when we replace the cycle Cq by
∑∞
i=1 Cq ), in spite of the fact that Cp WrCq
does generate the variety ApAq . On the other hand, replacing in W the summand Cp2 by, say,∑∞
i=1 Cp2 , we will obtain a wreath product generating the variety ApAqp2 . Clearly that wreath
product will still generate the variety ApAqp2 even if we remove the summand
∑∞
i=1 Cp from
the active group.
8. The general criterion, examples for the nilpotent and soluble groups
8.1. The general criterion
The information of Sections 5–7 can be collected in the following criterion:
Theorem 8.1 (Main criterion). For arbitrary sets of abelian groups X and Y their cartesian
wreath product XWrY (or the direct wreath product XwrY) generates the product variety
var(X)var(Y) if and only if
(1) at least one of the sets X and Y is not of finite exponent,
(2) or if X and Y are of finite exponents m and n, respectively, and for each common prime
divisor p of m and n the cardinal ω(Y,p) is infinite.
As follows from consideration above (see also Subsection 1.3), we have to consider the car-
dinals ω(Y,p) only when m = expX and n = expY are finite and there is a prime p dividing
both m and n. And in such a situation the condition ‘ω(Y,p) is infinite’ simply means that for
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∑s
i=1 Cpk′ is a subgroup of a group in Y (here pk
′ is the highest
power of p dividing n).
When the sets X and Y consist of one group each, we come to the main result of [M01]:
Theorem 8.2. (See Theorem 6.1 in [M01].) For arbitrary abelian groups A and B their carte-
sian wreath product AWrB (or direct wreath product AwrB) generates the product variety
var(A)var(B) if and only if
(1) at least one of the groups A and B is not of finite exponent, or
(2) if A and B are of finite exponents m and n, respectively, and for each prime p dividing both
m and n the cardinal ω(B,p) is infinite.
The condition ‘ω(B,p) is infinite’ simply means that in direct decomposition of the group
B infinitely many copies of the cycle C
pk
′ are present (where pk′ is the highest power of p
dividing n).
8.2. Possibilities of generalization
In [M01] we asked whether Theorem 8.2 can be generalized in the following two directions:
(a) for the case of wreath product AWrB of arbitrary (and not only abelian) groups and (b) for
the case of wreath product XWrY of sets of groups (see Problems 6.5 and 6.6 in [M01]). Since
Theorem 8.1 gives an answer to the first part of Problem 6.6 in [M01] concerning the wreath
products of sets of abelian groups, let us re-state that problems in a slightly changed form:
Problem 8.3. Let A and B be arbitrary (nilpotent, metabelian, soluble, etc.) groups. Find a
criterion on A and B under which the equality (1) holds.
Problem 8.4. Let X and Y be arbitrary sets of (nilpotent, metabelian, soluble, etc.) groups. Find
a criterion on X and Y under which the equality (2) holds.
The following two examples (see [M01] and [M02b] for proofs and details) show, that the
criterion of Theorems 8.2 and 8.1 does not have obvious generalizations even for cases of classes
of groups ‘nearest’ to the class of abelian groups.
Example 8.5. Let V=N2 ∩B3, where N2 is the variety of all nilpotent groups of class at most
2 and where B3 is the Burnside variety of exponent 3. Then for any group A generating V and
cycle B = C2 holds
var(AWrB) =VA2
(in spite of the fact that expA = 3 is coprime with expB = 2).
Example 8.6. Let now A and B be arbitrary finite groups generating varieties ApAq and Ar ,
respectively, where p,q, r are arbitrary distinct primes. Then
var(AWrB) = (ApAq)Ar ,
in spite of the fact that expA = p q is coprime with expB = r .
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B is not abelian:
Example 8.7. Let now A and B be arbitrary finite groups generating varieties Ap and AqAr ,
respectively, where, again, p,q, r are arbitrary distinct primes. Then
var(AWrB) =Ap(AqAr ),
and still expA = p is coprime with expB = qr .
9. A few illustrations and applications
Wreath products are closely connected with varieties of groups, and it is very natural that the
methods of this paper suggest illustrations and applications for varieties. Let us consider some of
them.
9.1. Subvarieties generated by wreath products in the variety A2p
Let us indicate the subvarieties generated by wreath products of abelian groups in the sub-
group lattice of a relatively simple variety, namely, in the variety A2p =ApAp (p > 2 is a prime).
Wreath products Cp Wr
∑s
i=1 Cp (s = 1,2, . . .) generate infinitely many subvarieties of A2p .
The subgroup lattice of this variety is described by Kovács and Neumann in [KN71]. Let us draw
it and mark on it by circles the subvarieties which can be generated by wreath products of abelian
groups (see Fig. 1 below).
Clearly holds A2p = var(Cp Wr
∑∞
i=1 Cp). Further, all the proper subvarieties V of A2p con-
taining A2p ∩Bp2 ∩Np form a chain. These subvarieties can be characterized by their nilpotency
class c:
V=A2p ∩Bp2 ∩Nc,
where c = p,p + 1, . . . . When c can be presented as
c = s(p − 1)+ 1
for some positive integer s, then V can be presented as:
V= var
(
Cp Wr
s∑
i=1
Cp
)
.
This also means that for every subvariety V contained in A2p and containing A2p ∩ Bp2 ∩ Np
there is an integer s  1 such that
var
(
Cp Wr
s∑
Cp
)
⊆V⊆ var
(
Cp Wr
s+1∑
Cp
)
.i=1 i=1
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var(Cp Wr
∑s
i=1 Cp) and var(Cp Wr
∑s+1
i=1 Cp):{
A2p ∩Bp2 ∩Nj
∣∣ j = s(p − 1)+ 2, . . . , (s + 1)(p − 1)}.
In addition to these, there are 2p − 3 subvarieties of A2p ‘between’ the varieties A2p ∩Bp2 ∩Np
and Ap . None of them can be generated by wreath product of abelian groups.
Here is the diagram:
A2p =Ap ·Ap = var(Cp Wr
∑∞
i=1 Cp)
.
.
.
A2p ∩Bp2 ∩Nnp−n+1
A2p ∩Bp2 ∩Nnp−n=var(CpWr
∑n
i=1Cp)
A2p ∩Bp2 ∩Nnp−n−1
.
.
.
A2p ∩Bp2 ∩Np+1
A2p ∩Bp2 ∩Np = var(Cp WrCp)



 A2p ∩Bp ∩Np∗

A2p ∩Bp2 ∩Np−1





 A2p ∩Bp ∩Np−1

 


 


A2p ∩Bp2 ∩N2

A2p ∩Bp ∩N2
A2p∩Bp2 ∩N1=A2p 








Ap = var(Cp Wr{1}) = var({1}WrCp)

E= var({1}Wr{1})
Fig. 1.
where Np∗ is the subvariety defined in the variety Np by the additional identity:
p∏
s=2
[xs, x1, . . . , xs−1, xs+1, . . . , xp] ≡ 1.
It remains to notice that the two final subvarieties, that is, the subvariety Ap and the trivial
subvariety E can be generated by wreath products of abelian groups.
The condition, that V is generated by a wreath product of abelian groups, clearly, should not
be replaced by the condition that V is generated by a wreath product of any groups, for, each
variety V can be generated by a wreath product, namely, by T Wr{1} = {1}WrT , where T is an
arbitrary group generating V.
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We repeatedly used the theorems of Subsection 5.1 about the wreath products (of groups
and of sets) that under some conditions discriminate product varieties of groups. It is a rather
surprising fact that the conditions of that theorems are not only sufficient but also necessary.
Theorem 9.1. For arbitrary non-trivial sets X and Y of abelian groups the wreath product
XWrY discriminates the variety var(X)var(Y) only if Y discriminates the variety var(Y).
In particular:
Theorem 9.2. For arbitrary non-trivial abelian groups A and B the wreath product AWrB
discriminates the variety var(A)var(B) only if B discriminates the variety var(B).
When the preparation of this paper was in progress, we were kindly informed by Professor
J.R.J. Groves, that, in fact, much stronger version of these theorems holds: the condition on X, Y
(on A, B) to be abelian can be dropped. Namely, according to the result of Bryant and Groves:
Theorem 9.3. (See Corollary 4.5 in [BG78].) Let U and V be varieties, neither equal to the
variety of all groups. Let X and Y be subsets of U and V, respectively, and suppose that XWrY
discriminates UV. Then X discerns U and Y discriminates V.
Here the term ‘X discerns U’ means the condition mentioned in Subsection 5.1: for every
finite family of non-identities of U the set X contains a group in which all the non-identities
falsify. If X discerns U, it also generates X. Clearly, if X consists of one group only, it discerns U
if and only if it generates U. Let us notice that the condition on U and V to be different from the
variety of all groups cannot be dropped: the absolutely free group F of rank r > 1 discriminates
the variety of all groups. Thus, even if the group B is a non-discriminating group, the wreath
product F WrB discriminates the variety of all groups by Lemma 5.5.
In spite of the fact that Theorems 9.1 and 9.2 turn out to be special cases of a much more
general result in [BG78], we decided to keep the proof of Theorem 9.1 as an illustration of a
usage of Theorem 8.1.
Proof for Theorem 9.1. Assume Y is not a discriminating group. As we saw earlier, this means
that:
(1) the set Y is of a finite exponent n, and
(2) there is a prime divisor p of n such that ω(Y,p) is finite.
Now we already are able to notice that if the set X is of finite exponent divisible by p, then
XWrY cannot be a discriminating group (or even a generating group) by Theorem 8.1. Assume,
thus, that X contains a group A with an element of infinite order or an element the order of which
is coprime with p. In either case we can assume that A contains an element a such that apm = 1
for arbitrary integer m.
Let us denote k = c(Y,p) and define for the given integer d > 1 the set of the following
words based on the 2d letters x1, . . . , xd ;y1, . . . , yd :
w(xi, xj , ys, yt ) =
[
xi
n/p · xj−n/p, ysn/p · yt−n/p
]
, (18)
where i, j, s, t = 1, . . . , d and i = j , s = t .
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w(xi, xj , ys, yt ) = 1
is not identically true in XWrY. Consider a group B ∈Y such that expB is divisible by pk . As
above, B is a direct sum of cycles of prime power exponents. Let b be the generator of one of
such cycles of order pk . Then chose the following elements in AWrB:
x′i = b, x′j = 1, y′s = ϕa, y′t = 1,
where A is the group chosen above, and where ϕa is the element corresponding to a in the first
copy of the group A in the base group of AWrB . We have:
w
(
x′i , x′j , y′s , y′t
)= [bn/p,ϕn/pa ]= (ϕ−n/pa )bn/pϕn/pa
and the latter is different from 1 because bn/p = 1 and because the supports of the elements
(ϕ
−n/p
a )
bn/p and ϕn/pa are distinct.
Secondly, let us show that for a sufficiently big value of d the word set (18) cannot be simul-
taneously falsified for any choice of values
x′′1 , . . . , x′′d ;y′′1 , . . . , y′′d ∈ XWrY (19)
in any wreath product XWrY ∈ XWrY. It follows from the direct cyclical decomposition of Y
(and from the rule of multiplication in wreath products) that for any choice (19) the product
x′′i
n/p · x′′j −n/p (20)
has the form (f1f−12 )θ , where θ is an element from the base group XY and where f1, f2 are
some elements (of order p) from the subgroup Y1  Y consisting of all the direct summands
of maximal order pk in the direct decomposition of Y . The number of such summands, as we
assumed, is finite (it is restricted by ω(Y,p)). Thus, our elements f1, f2 can only accept finitely
many values. Taking, say,
d > ω(Y,p) · pk
we guarantee that for arbitrary choice (19) at least for one of the products (20), say, for x′′n/pi0 ·
x
′′−n/p
j0
holds f1f−12 = 1 and, thus x′′n/pi0 · x
′′−n/p
j0
is equal to θ and it lies in the base group XY .
For the same value of d at least one product y′′n/ps0 · y′′−n/pt0 also lies in XY . Since
the base group is abelian the mentioned products commute and the corresponding value
w(x′′i0, x
′′
j0
, y′′s0, y
′′
t0) is equal to 1. Thus, XWrY is not a discriminating set. 
The argument of this proof could be extended to obtain ‘converses’ of the theorem of Baum-
slag and Neumanns for more general situations. For example, X need not consist of abelian
groups only: if U= var(X) is a variety that has the identity u(z1, . . . , zh), then a proof similar to
the proof of Theorem 9.1 could be constructed if we take not (18) but the word set:
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(
x
n/p
1i1 · x
−n/p
1j1 , . . . , x
n/p
hih
· x−n/phjh
)
over 2hd variables:
x11, . . . , x1d ; . . . ;xh1, . . . , xhd,
where i1, j1; . . . ; ih, jh = 1, . . . , d and where i1 = j1, . . . , ih = jh. However, this consideration
will take us too far from our main topic and we restrict ourselves by the scheme we mentioned.
9.3. A criterion on the wreath products of type AWr(B ⊕B)
In the introduction we mentioned the ‘rather unexpected’ fact and also Theorem 7.1 in [M01].
At first sight the following idea for a generalization of Theorem 7.1 in [M01] suggests itself:
for arbitrary sets of abelian groups X and Y the equality (2) holds if and only if AWr(B1 ⊕B2) ∈
XWrY for any groups A ∈X, B1,B2 ∈Y. It turns out that even a stronger statement is true:
Theorem 9.4. If X and Y are arbitrary sets of the abelian groups, then (2) holds if and only if
var(XWrY) contains the wreath products AWr(B ⊕B) for any groups A ∈X, B ∈Y.
The analog of this also holds for the case of direct wreath products.
Proof. The condition of Theorem 9.4 clearly is necessary. Assume now the given sets of abelian
groups X and Y satisfy the condition, but var(XWrY) is not equal to var(X)var(Y). The trivial
cases, when X or Y contain the group {1} only, are evident. By Theorem 8.1 the following
situations also need not be considered by default:
(1) one of the sets X and Y is not of finite exponent,
(2) expX= m and expY= n are finite and are coprime,
(3) the integers expX = m and expY = n do have common prime divisors, but for each such a
divisor p the cardinal ω(Y,p) is infinite.
So assume there are groups A ∈X and B ∈Y such that
u = c(A,p) = c(X,p) > 0,
k = c(B,p) = c(Y,p) > 0,
s = ω(B,p) = ω(Y,p) < ∞.
AWr(B ⊕B) contains the subgroup W ′ = Cpu Wr(B ′ ⊕B ′), where
B ′ = Cpk ⊕ · · · ⊕Cpk︸ ︷︷ ︸
s
,
and it will be sufficient to find a contradiction from the assumption W ′ ∈XWrY.
Clearly W ′ ∈ ApuApk . Thus, by Lemma 7.1, W ′ ∈ var(Cpu WrBY,p), where BY,p is the
group of Definition 6.4:
BY,p = (Cpk ⊕ · · · ⊕Cpk︸ ︷︷ ︸) ⊕ (Cpk−1 ⊕ · · · ⊕Cpk−1 ⊕ · · ·︸ ︷︷ ︸).
s ∞
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λ(Cpu,BY,p,2s + 1) s
(
pk − 1)+ (s + 1)(pk−1 − 1)+ (u− 1)(p − 1)pk−1 + 1,
whereas the 2s + 1-generated group W ′ is of the nilpotency class:
c = 2s(pk − 1)+ (u− 1)(p − 1)pk−1 + 1.
But:
c − λ(Cpu,BY,p,2s + 1) s
(
pk − 1)− (s + 1)(pk−1 − 1)
= s(pk − pk−1)− pk−1 + 1
= pk−1(s(p − 1)− 1)+ 1 > 0
for arbitrary prime p and for arbitrary positive integers k, s. 
This theorem and Theorem 7.1 in [M01] show that the direct quadrates B ⊕ B of abelian
groups play the role of an indicator for the equality (2): if, for example, var(AWrB) contains
var(AWr(B ⊕ B)), then it also contains all the groups A˜Wr B˜ for any A˜ ∈ QSC(A) and B˜ ∈
QSC(B). The following problems seem to be natural:
Problem 9.5. Find classes of groups (other than the class of abelian groups) for which the above
mentioned criterion holds, that is, the variety generated by the wreath product AWrB is equal
to the product var(A)var(B) if (and only if ) it contains the group AWr(B ⊕B).
Or, more generally:
Problem 9.6. Find classes of sets of groups (other than the class of the sets of abelian groups) for
which the above mentioned criterion holds, that is, the variety generated by the wreath product
XWrY is equal to the product var(X)var(Y) if (and only if ) it contains the groups AWr(B⊕B)
for any A ∈X, B ∈Y.
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